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ABSTRACT
We compare the cosmology of conformal gravity (CG), (Mannheim 2006), to ΛCDM.
CG cosmology has repulsive matter and radiation on cosmological scales, while re-
taining attractive gravity at local scales. Mannheim (2003) finds that CG agrees with
ΛCDM for supernova data at redshifts z < 1. We use GRBs and quasars as standard
candles to contrast these models in the redshift range 0 < z < 8. We find CG deviates
significantly from ΛCDM at high redshift and that ΛCDM is favoured by the data
with ∆χ2 = 48. Mannheim’s model has a bounded dark energy contribution, but we
identify a λ fine-tuning problem and a cosmic coincidence problem.
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1 INTRODUCTION
Currently, ΛCDM is a highly successful theory, providing
satisfactory agreement with supernovae data (Riess et al.
1998), the cosmic microwave background (Planck Collabo-
ration et al. 2016) and galaxy clustering (Alam et al. 2017),
amongst others. However, dark matter and dark energy, re-
quired for these results, have their own issues (Bullock &
Boylan-Kolchin 2017). There have been many indirect ob-
servations of dark matter, such as the Bullet Cluster (Clowe
et al. 2006), but no confirmed direct detection. The cosmo-
logical constant has no firm theoretical basis, and the cosmo-
logical constant problem (Weinberg 1989) crops up when the
amount of dark energy is derived according to the standard
model of particle physics.
These problems motivate work on alternative gravity
theories aiming to explain the observations without dark
matter or dark energy, or to provide a new understanding
for the cosmological constant. One such theory is conformal
gravity (CG). CG is an alternative gravity theory proposed
by Weyl (1918), and more recently developed by Mannheim
& Kazanas (1989). For a review of CG, see Mannheim
(2006). CG has features that are attractive for a quantum
gravity theory: renormalization, conformal symmetry, uni-
tarity and no ghosts (Bender & Mannheim 2008).
In addition to the Newtonian potential, CG has lin-
ear and quadratic terms, with respect to radius, which are
small compared to the Newtonian potential at solar system
scales. Consequently, the solar system predictions are close
to those of general relativity (GR). The linear and quadratic
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terms can be chosen to become important at galaxy scales,
which allowed Mannheim & O’Brien (2012) to fit the rota-
tion curves of a sample of 111 spiral galaxies. However, the
galaxy fits neglected the non-constant, non-zero Higgs field,
whose conformal coupling is required to produce a nontrivial
CG cosmology. The galaxy rotation curves of Mannheim &
O’Brien (2012) have a Higgs field that varies with radius, im-
plying that particle masses change with radius. When Horne
(2016) used a conformal transformation to make the Higgs
field constant, there is an additional term from the Higgs
field in the galaxy rotation curves, which nearly cancels out
the linear term of the potential, leaving CG unable to repro-
duce the typical, flat rotation curves of galaxies.
Because CG is a fourth-order theory, the scale of the
quadratic potential (which is important for understanding
galaxy rotation curves and lensing in CG) may be deter-
mined by the cosmology. Thus, it is important to under-
stand the cosmological implications of CG, in addition to the
galaxy scale effects. We look at the CG cosmology model,
(Mannheim 1990), who found no significant difference be-
tween CG and ΛCDM for supernova data for redshifts z < 1.
More recently, Diaferio et al. (2011) extended the Hubble
diagram beyond supernovae (SNIa) by adding gamma-ray
burst (GRB) standard candles to the supernova data to test
the CG and ΛCDM cosmologies, and found that ΛCDM was
slightly favoured. But when Diaferio et al. (2011) considered
GRBs only, which probe higher redshifts than SNIa, ΛCDM
was greatly preferred over CG.
In this paper, we analyse the Mannheim (2006) cosmo-
logical model of CG, and compare its predictions to ΛCDM’s
using a Hubble diagram extended to redshift z = 8 by includ-
ing updated GRB and quasar standard candles. The outline
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Figure 1. Top: Scale factor vs time for ΛCDM, with ΩΛ = 0.7
and ΩM = 0.3. The majority of the past expansion occurs during
the matter dominated Universe. Bottom: The matter, radiation
and dark energy contributions vs log(1+ z) for the ΛCDM model.
ΩM(t) is the black dot-dashed line, ΩΛ(t) is the red dashed line
and ΩR(t) is the blue dotted line. This model is transitioning from
matter dominated to dark energy dominated at present time.
for the paper is as follows: in Section 2, we briefly cover
ΛCDM cosmology. In Section 3, we examine Mannheim’s
cosmology. In Section 4, we compare the predictions of the
CG and ΛCDM with observations. We discuss various the-
oretical issues with the ΛCDM and Mannheim cosmologies
in Section 5. Finally, we present our conclusions in Section
6.
2 ΛCDM REFRESHER
This paper follows the sign conventions of Mannheim (2006).
The metric signature is (−,+,+,+), the Riemann tensor is
Rρµσν = −∂σΓρµν + ..., and the Ricci tensor is Rµν = +Rσµσν .
With these sign conventions, the Einstein-Hilbert action is:
SEH = − c
4
16piG
∫
d4x
√−g (R − 2Λ) , (1)
where R is the Ricci scalar and Λ is the cosmological con-
stant. Thus, the GR field equations are:
− c
4
8piG
Gµν = Tµν + ρΛ gµν , (2)
where ρΛ =
Λc2
8piG , Gµν is the Einstein tensor and Tµν is the
stress-energy tensor. The stress-energy tensor for a perfect
fluid is:
Tµν = (ρ + p)UµUν + p gµν , (3)
where ρ is the energy density, p is the pressure and Uµ is
the perfect fluid 4-velocity, with UµUµ = −1. Hereafter, we
shall use natural units, c = ~ = 1.
The homogeneous, isotropic spacetime is described by
the Robertson-Walker (RW) metric:
ds2 = −dt2 + a2(t)
(
dr2
1 − k r2 + r
2dΩ2
)
, (4)
where a(t) is the scale factor, k is the curvature and dΩ2 =
dθ2 + sin2 θ dφ2. ΛCDM uses a 3-component perfect fluid,
each component having p = wρ with the equation of state
parameter, w = 0, 13, −1 for matter, radiation and dark en-
ergy respectively. The corresponding Friedmann equations
(dropping the t from a(t) here on) of ΛCDM are:(
H
H0
)2
≡
( Ûa
a
)2
H−20 = ΩΛ +ΩK a
−2 +ΩM a−3 +ΩR a−4 , (5)
ΩK = 1 − (ΩΛ +ΩM +ΩR) , (6)
where Ûa denotes derivative with respect to time, H0 is the
current value of the Hubble parameter, Ωw =
ρw (t0)
ρc
with
ρc ≡ 3H08piG as the critical density at present time and Ωw(t) =
ΩwH
2
0
a3(1+w)H2 . Figure 1 serves as a useful comparison to later
figures, showing how the scale factor evolves, beginning with
a radiation-dominated phase a ∝ t1/2 that extends back to
the singularity, through to a matter-dominated era a ∝ t2/3,
to finally a dark energy-dominated era a ∝ eH t . Throughout
the rest of the paper, we shall refer to ΩM = 0.3, ΩΛ =
0.7, ΩR = 0 as the ΛCDM model.
3 MANNHEIM’S CONFORMAL GRAVITY
COSMOLOGY
Mannheim’s CG cosmology is derived from the Weyl action
instead of the Einstein-Hilbert action:
SWeyl = −αg
∫
d4x
√−gCλµνκCλµνκ , (7)
where αg is a dimensionless constant and Cλµνκ is the Weyl
or conformal tensor. CG is conformally invariant, whereas
Einstein’s GR is not.
CG cosmology differs from ΛCDM by its matter action,
which includes a conformal coupling of gravity to the Higgs
field:
SM = −
∫
d4x
√−g
( 1
2
[S;µS;µ − R6 S
2]+ λS4 + ψ¯( /D−m)ψ
)
, (8)
where S is the Higgs field, X ;µ represents the covariant
derivative, λ is the dimensionless Higgs self-coupling con-
stant, ψ is the fermion’s wave function, /D is the slashed
Dirac operator and m = hS is the fermion mass induced by
coupling to the Higgs field. In CG, the field equations anal-
ogous to the Einstein equations are the Bach equations:
4αgWµν = Tµν , (9)
where Wµν is the Bach tensor, created by taking the variation
MNRAS 000, 1–6 (2017)
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Figure 2. Top: Scale factor against time for Mannheim’s model
universe. The present scale factor is a = 1. There is a minimum
scale factor, amin = 5.7 × 10−30, so this model has no singularity
at t = 0. Thus, the maximum redshift is z = 1.75 × 1029. The ver-
tical dashed lines denote the time where the Universe transitions
to curvature dominated and dark energy dominated respectively.
The horizontal dashed lines are for a = amin and a = 1. Bottom:
The dark energy, curvature and radiation contributions plotted
against log(1 + z). ΩK(t) is the black line, ΩΛ(t) is the red dashed
line and ΩR(t) is the blue dotted line. There are three phases
in this model: expansion from the minimum radius in the early
Universe driven by radiation, a long period of linear growth via
curvature, and an exponential era due to dark energy.
of the Weyl action with respect to the metric, and Tµν is the
conformal stress-energy tensor.
For the Robertson-Walker metric, the Bach tensor van-
ishes. Thus, all cosmological terms come from the stress-
energy tensor, which is comprised of ordinary matter and
radiation, treated as a perfect fluid, plus the scalar Higgs
field. Working in the Higgs frame, where S(t) = S0 and
fermion masses are spacetime constants, we use a perfect
fluid approximation for the Dirac terms, motivated by the
incoherent averaging of Mannheim (1990). This leads to the
stress-energy tensor taking on the form:
0 = Tµν = (ρ + p)UµUν + (p − ρΛ)gµν − 16 S
2
0Gµν , (10)
with ρΛ = λS40 . The Higgs contribution to the matter action
leads to a set of equations that in Mannheim’s cosmology
are identical to ΛCDM, except that instead of G, we have
●
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Figure 3. The dark energy contribution vs the sum of the radia-
tion and matter contributions for ΛCDM in black and Mannheim
in red. The dots denote values at z = 0, the squares denote values
at z = 1, and the diamonds denote values at z = 10.
−G, where  = 34piGS20 :(
H
H0
)2
= −
(
ΩΛ +ΩM a
−3 +ΩR a−4
)
+ΩK a−2 , (11)
ΩK = 1 +  (ΩΛ +ΩM +ΩR) . (12)
A full derivation from the action may be found
in Mannheim (2006) and Appendix A. Therefore, in
Mannheim’s model, homogeneous, isotropic matter and ra-
diation are repulsive and the cosmological constant is de-
rived from the Higgs vacuum energy, ρΛ = λS40 . By defining
Ω¯w ≡ − Ωw , we recover the same form as Eqn (5) in ΛCDM
but with Ω¯M, Ω¯R < 0 and, if we choose λ < 0, Ω¯Λ > 0. Here
on, we use this form of the equations and drop the bar no-
tation.
Figures 1 and 2 show the evolution of the scale factor
against time for both ΛCDM and Mannheim’s model re-
spectively. Mannheim (2006) fits supernova data up to red-
shift z ∼ 1 using the model ΩΛ = 0.37, ΩK = 0.63, ΩR ≈
−10−60, ΩM = 0. We refer to these values as the Mannheim
model. Mannheim (2006) requires ΩR ≈ −10−60 to have
Tmax > 1015K. One difference between the models is that
ΛCDM has a singularity, whereas Mannheim’s cosmology
has a minimum scale factor, amin = (−ΩRΩΛ )
1
2 = 5.7 × 10−30
and thus the maximum redshift is zmax = 1.75× 1029. In the
very early Universe, radiation is dominant, and its repulsion
prohibits a singularity at the origin. Therefore, a general
feature of Mannheim’s cosmology is that for models with
non-zero matter and radiation contributions, the Universe
has a maximum redshift, and thus a finite density, at t = 0.
In contrast to ΛCDM, which has a radiation era, then
matter dominated era followed by the dark energy era,
Mannheim’s model has three phases: a quadratic expansion
from the minimum radius in the early universe driven by
MNRAS 000, 1–6 (2017)
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z µ ± z µ ±
0.079 37.13 0.34 1.56 45.74 0.19
0.16 39.14 0.38 1.76 46.05 0.23
0.26 40.80 0.50 1.98 46.17 0.23
0.36 41.43 0.42 2.25 46.49 0.27
0.46 42.54 0.98 2.53 47.00 0.35
0.60 42.46 0.27 2.86 47.39 0.35
0.76 43.72 0.35 3.23 47.67 0.43
0.85 43.84 0.39 3.65 47.08 0.43
0.96 44.39 0.31 4.12 48.42 0.39
1.08 44.28 0.35 4.65 47.87 0.39
1.23 44.67 0.19 5.26 47.79 0.67
1.38 44.91 0.27 5.93 48.18 0.83
Table 1. Binned quasar distance modulus data from Risaliti &
Lusso (2015).
log(1 + z) µ ±
0.42 45.21 0.33
0.53 46.43 0.31
0.63 46.91 0.37
0.73 47.66 0.56
0.82 48.82 0.76
0.92 50.1 1.21
Table 2. GRB distance modulus data from Liu & Wei (2015),
which we have binned into bins of 0.1 dex wide. The redshift
quoted for each bin is the average redshift of all the GRBs within
that bin.
radiation, a long period of linear growth via curvature, and
an exponential era due to negative Higgs vacuum energy.
Mannheim’s cosmology always has positive acceleration, un-
like ΛCDM which has a decelerating phase when matter
or radiation are dominant. Figure 3 plots ΩΛ(t) against
ΩR(t) + ΩM(t). ΛCDM begins close to (1, 0) and progresses
along the flat-geometry diagonal line to (0, 1). However, this
requires fine-tuning of the initial conditions, because a small
deviation from (0, 1) leads to large excursions from flat ge-
ometry, before arriving at (0, 1). The Mannheim cosmology
begins at (−∞, 0) and evolves rapidly towards the origin,
where it stays for 32 Gyr in the curvature-dominated era
before moving up the y-axis towards (0, 1). CG predicts that
the age of the Universe is approximately 32 Gyr, which is
roughly 2.5 times greater than the ΛCDM age. For both the
flat ΛCDM model and the Mannheim model, the point (0, 1)
is an attractor.
4 LUMINOSITY DISTANCES
Mannheim (2006) showed that ΛCDM and CG provide
equally good fits to SNIa distances out to z ∼1. Here in
Fig 4, we extend the Hubble diagram to z ∼8 by including
GRB and quasar distance moduli. The distance modulus, µ,
is:
µ = 25 + 5 log10(DL/Mpc) , (13)
0.0 0.2 0.4 0.6 0.8 1.0
40
45
50
log(1+z)
μ(ma
g)
Figure 4. Here we present the Hubble diagram for both cosmolo-
gies: ΛCDM is the black line and Mannheim is the red dashed line.
The binned GRB data are the orange points, the binned quasar
data are in blue; each with their 1-σ error bars. Mannheim’s cos-
mology deviates significantly from the data and from the ΛCDM
prediction at redshifts z > 2.
where DL, the luminosity distance, is given by:
DL = (1 + z) cH0
1√|ΩK | Sk
(√
|ΩK |
∫ z
0
H0
H(z′) dz
′
)
, (14)
with Sk (x) = (sin x, x, sinh x) for (k > 0, k = 0, k < 0) respec-
tively.
We use the binned dataset from Figure 5 of Risaliti &
Lusso (2015), comprising 808 quasars, in 24 redshift bins
that are 0.1 dex in width, as shown in Table 1. The quasars’
distance moduli are calibrated using an empirical relation-
ship between the UV and X-ray fluxes of quasars.
For the GRBs, we utilise the Mayflower sample of 79
GRBs from Liu & Wei (2015), shown in Table 2, in which
they calibrate the Amati relation via the Pade` approximant
method for 138 GRBs, with z < 1.4, with the Union 2.1
SNIa data. We used 0.1 dex bins in log(1+ z) to produce the
averages in Table 2
With these distance moduli in hand, we produce the
Hubble diagram for both these cosmologies in Figure 4 us-
ing Eqn (13) and the cosmological solutions for each theory:
ΛCDM in Eqs (5) and (6) and Mannheim in Eqs (11) and
(12). The quasar data points are blue and the GRB points
are orange. Mannheim’s cosmology is indistinguishable from
ΛCDM for redshifts z < 1 (Mannheim 1990). However, at
higher redshift, CG deviates greatly from ΛCDM. We per-
form the χ2 test for each cosmology, using the 79 unbinned
GRB points and the 24 binned quasar points for a total
of 103 data points, and find the following: χ2
ΛCDM
= 62.4;
χ2
Mannheim
= 111. The flat ΛCDM and Mannheim models
both have one free parameter. Thus, given ∆χ2 = 48, we con-
clude that ΛCDM is by far the best fitting model of either
cosmology examined.
5 DISCUSSION
In this section, we examine some of the theoretical prob-
lems faced by ΛCDM and CG cosmologies. One problem for
the ΛCDM cosmology is the cosmological constant problem
MNRAS 000, 1–6 (2017)
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(Weinberg 1989), or Λ fine-tuning problem, where the pre-
dicted value from standard particle physics results in an ex-
tremely high dark energy component, ΩΛ ∼ 10120 if it is asso-
ciated to the Planck scale, ΩΛ ∼ 1060 if the electroweak scale.
CG cosmology has a self-quenching mechanism (Mannheim
2006), so that for any vacuum energy λS40 < 0 (where S0 is
the value of the Higgs field in the Higgs frame), ΩΛ(t) must
lie within the range 0 ≤ ΩΛ(t) ≤ 1; see Figure 3.
However, we have identified a similar issue in
Mannheim’s cosmology: the λ fine-tuning problem. Similar
to the Λ fine-tuning problem in ΛCDM, we find that to
fit Mannheim’s preferred parameters the Higgs self-coupling
constant must be tiny, on the order of −10−176. Recalling the
definition of Ω¯Λ, ρΛ, and  , we may rewrite Ω¯Λ as:
Ω¯Λ = −
2λS20
H20
. (15)
Now by rearranging the above equation for λ and by
using S20 =
3
4piG =
2ρc
H20
yields:
λ =
− Ω¯Λ H40
4ρc
. (16)
By defining the radiation energy-density as ρR =
4σT4CMB, where TCMB is the present temperature of the
CMB, we can rearrange the definition of Ω¯R to get:
 =
−Ω¯R ρc
4σ T4CMB
. (17)
Then by substituting Eqn (17) into Eqn (16) and re-
turning to SI units, we find that:
λ =
~
c2
Ω¯Λ Ω¯R H40
16σ T4CMB
. (18)
The supernova distances give Ω¯Λ = 0.37, and Mannheim
adopts Ω¯R ≈ −10−60 so that Tmax = TCMB/amin exceeds the
electroweak scale. Using the observed values of H0 and TCMB,
we find that Mannheim’s model predicts a value for λ that
is of the order λ ≈ −10−176. This is very small, why is it
not zero? One could appeal to some of the same proposed
solutions to the fine-tuning problem in ΛCDM here, such as
the existence of a multiverse.
ΛCDM also has the cosmic coincidence problem, where
a high degree of fine tuning is required so that ΩΛ ∼ ΩM
at current time. Mannheim (2006) claims that his model
solves the cosmic coincidence problem, because ΩM  ΩΛ.
However, there remains a similar cosmic coincidence prob-
lem; that the current era just so happens to be when the
Universe transitions from curvature to dark energy driven
expansion, or that ΩΛ ∼ ΩK which also requires fine tuning.
Thus CG and ΛCDM have similar fine-tuning problems.
6 CONCLUSIONS
We have compared Mannheim’s CG cosmology to the stan-
dard ΛCDM cosmology. Mannheim (2006) indicated close
agreement with ΛCDM for the predicted distance moduli
for redshift z < 1. By collating GRB (Liu & Wei 2015) and
quasar (Risaliti & Lusso 2015) data, we have extended the
Hubble diagram out to z = 8 and reanalysed the predictions
of the CG cosmology. We find that the CG cosmology de-
viates significantly from ΛCDM and the data for redshift
z > 2. We performed the χ2 test and found that ΛCDM is
the favoured model with ∆χ2 = 48.
We have discussed theoretical problems with these cos-
mological models. Mannheim (2006) claims that his model
solves the cosmic coincidence problem. However, in this pa-
per we found an analogue to the cosmic coincidence problem,
involving ΩK and ΩΛ, for Mannheim’s model. Additionally,
we identified a λ fine-tuning problem analogous to that of
ΛCDM. We determined that using Mannheim’s model, the
Higgs self-coupling constant is of the order λ ≈ −10−176. In
summary, ΛCDM and CG have similar fine-tuning issues,
but ΛCDM fits the data far better than CG.
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APPENDIX A: DERIVATION OF
MANNHEIM’S COSMOLOGY
This treatment follows that of Mannheim (2006). The com-
bined action is Stotal = SWeyl + SM , where the matter action
is:
SM = −
∫
d4x
√−g
(
1
2
[S;µS;µ − 16 S
2R] + λS4 + ψ¯( /D − hS)ψ
)
,
(A1)
where S(x) is the Higgs scalar field; R is the Ricci scalar;
λ is the Higgs self-coupling constant; ψ(x) is the fermion’s
MNRAS 000, 1–6 (2017)
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wave function; h is the Yukawa coupling constant between
the Higgs field and the fermions; /D ≡ iγµDµ is the slashed
Dirac operator; and Dµ ≡ ∂µ + Γµ is the Dirac operator,
where Γµ(x) is the fermion spin connection and γµ(x) are
the gamma matrices.
The contribution S;µS;µ − 16 S2 R is a conformally invari-
ant addition to the matter action. Now, we take the variation
with respect to ψ, S and the metric to obtain the following
equations of motion.
The Dirac equation:
( /D − hS)ψ = 0 . (A2)
The Higgs equation:
S;µ;µ +
R
6
S − 4λS3 + hψ¯ψ = 0 . (A3)
The conformal stress-energy tensor:
Tµν = iψ¯γµDνψ +
2
3
S;µS;ν − 16gµνS
;α
;α
−1
3
SS;µ;ν +
1
3
gµνSS
;α
;α −
1
6
S2
(
Rµν − 12gµνR
)
−gµν
(
λS4 + ψ¯( /D − hS)ψ
)
.
(A4)
Inserting (A2) into (A4) yields:
Tµν = iψ¯γµDνψ +
2
3
S;µS;ν − 16gµνS
;α
;α
−1
3
SS;µ;ν +
1
3
gµνSS
;α
;α −
1
6
S2
(
Rµν − 12gµνR
)
−λS4gµν .
(A5)
Mannheim (2006) uses a conformal transformation to
the Higgs frame, where S = S0, so that fermion mass is a
space-time constant, hS → hS0. (A5) becomes:
Tµν = iψ¯γµDνψ − 16 S
2
0 Gµν − gµνλS40 . (A6)
The incoherent averaging of iψ¯γµDνψ (Mannheim 1990)
allows a perfect fluid representation for the ordinary matter
and radiation: (ρ + p)UµUν + pgµν with pressure p, energy
density ρ and Uα is the fluid’s 4-velocity. Hence, (A6) is
now:
Tµν = (ρ + p)UµUν + (p − ρΛ)gµν − 16 S
2
0 Gµν , (A7)
where ρΛ = λS40 is the Higgs vacuum energy density. The
equivalent equation to the Einstein equation of CG is the
Bach equation:
4αgWµν = Tµν , (A8)
where αg is a dimensionless constant and Wµν is the Bach
tensor, created by varying the Weyl action with respect to
the metric. The FRW metric is a conformally flat metric,
thus the Weyl tensor, and hence the Bach tensor, vanishes.
Thus (A8) becomes:
0 = Tµν . (A9)
Thus, to obtain Mannheim’s cosmology, rearrange
Equation (A7) to find:
Gµν = 8piG
((ρ + p)UµUν + (p − ρΛ)gµν ) , (A10)
where the effective gravitational constant is Geff = −G with
 ≡ 34piS20G .
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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